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7DSSLQJ PRGH DWRPLF IRUFH PLFURVFRSH 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 ZDV FDUULHG RXW RQ D 1DQRVFRSH 9,,,
0XOWLPRGH6FDQQLQJ)RUFH0LFURVFRSH9HHFR7KHORIVROXWLRQVZHUHILUVWGHSRVLWHGRQWR
IUHVKO\ FOHDYHG PLFD VKHHWV LQFXEDWHG IRU  PLQ ULQVHG ZLWK 0LOOL4 ZDWHU DQG GULHG E\
QLWURJHQ )RU DOO H[SHULPHQWV033 WLSV IRU WDSSLQJPRGH LQ VRIW WDSSLQJ FRQGLWLRQV
ZHUH XVHG 9HHFR86$ DW D YLEUDWLQJ IUHTXHQF\ RI .+] ,PDJHVZHUH VLPSO\ ÀDWWHQHG
XVLQJWKH1DQRVFRSHVRIWZDUHDQGQRIXUWKHULPDJHSURFHVVLQJZDVFDUULHGRXW

)LJXUH6$WRPLFIRUFHPLFURVFRSHLPDJHRIWKHȕODFWRJOREXOLQDP\ORLGILEULOV
7KHRUHWLFDODQDO\VLVRIWKH6/6GDWDE\WKH35,60PRGHO
6FDWWHULQJGDWDFROOHFWHGDWZLGHUDQJHRIWKHPDJQLWXGHRIWKHVFDWWHULQJYHFWRUFDQEHDQDO\]HG
E\ SRO\PHU UHIHUHQFH LQWHUDFWLRQ VLWHPRGHO 35,60 WR H[WUDFW WKH LQWUD DQG LQWHUPROHFXODU
FRUUHODWLRQ IXQFWLRQV 7KH EDFNJURXQG FRUUHFWHG VFDWWHULQJ LQWHQVLW\ ,Tȡ IRU D V\VWHP
FRQVLVWLQJRIPRQRGLVSHUVHSDUWLFOHVLVJLYHQE\35,60DV6
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:KHUH9S LV WKHYROXPHRIDGLVVROYHGSDUWLFOHȡ LV WKHSDUWLFOHQXPEHUGHQVLW\DQGǻN LV WKH
FRQWUDVW RI WKH VROXWH UHVXOWLQJ IURP WKH GLIIHUHQFH RI DYHUDJH VFDWWHULQJ OHQJWK GHQVLW\ RI WKH
GLVVROYHG SDUWLFOHV DQG WKH VFDWWHULQJ OHQJWK RI WKH VROYHQW 3T LV D SDUWLFOHDYHUDJHG
LQWUDPROHFXODU FRUUHODWLRQ IXQFWLRQ ZKLFK FKDUDFWHUL]HV WKH JHRPHWULF VKDSH RI WKH SDUWLFOHV
+HQFH3TGHVFULEHVKRZWKHVFDWWHULQJLQWHQVLW\LVPRGXODWHGE\LQWHUIHUHQFHHIIHFWVEHWZHHQ
UDGLDWLRQVFDWWHUHGE\GLIIHUHQWSDUWVRIWKHVDPHSDUWLFOH7KHLQWUDPROHFXODUFRUUHODWLRQIXQFWLRQ
GHSHQGV RQ WKH SDUWLFOH QXPEHU GHQVLW\ DQG IROORZV IURP D VWDWLVWLFDO DYHUDJH RYHU SDUWLFOH
FRQILJXUDWLRQV7KHSDUWLFOHDYHUDJHG WRWDO DQGGLUHFW FRUUHODWLRQ IXQFWLRQVKT ȡ DQGFT ȡ
UHVSHFWLYHO\ DUH UHODWHG WR PXWXDO LQWHUDFWLRQV EHWZHHQ GLIIHUHQW SDUWLFOHV 7KHVH FRUUHODWLRQ
IXQFWLRQVDUHFDOFXODWHGQXPHULFDOO\E\VROYLQJWKHJHQHUDOL]HG2UQVWHLQ=HUQLNHHTXDWLRQ6
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
7KH35,60IRUPDOLVPKDVEHHQXVHGWRGHWHUPLQHWKHWRWDOFRUUHODWLRQIXQFWLRQLQDQLVRWURSLF
RULHQWDWLRQDOO\ RUGHUHG SKDVHV FRQVLVWLQJ RI IOH[LEOH SRO\PHUV6 ULJLG URGV6 DQG ULJLG
SODWHOHWV6
+HUH ZH DQDO\]H WKH VFDWWHULQJ LQWHQVLW\ RI ȕODFWRJOREXOLQ DP\ORLG ILEULOV RQ WKH EDVLV RI
VXSSOHPHQWDU\ HTQ  ±  RI WKH 35,60 IRUPDOLVP SXUVXLQJ D WZRSURQJHG VWUDWHJ\ L:H
DQDO\]H6/6 LQWHQVLWLHVERWK LQ WKH LVRWURSLFSKDVHDQG LQ WKHQHPDWLFSKDVHXVLQJDQDO\WLFDOO\
WUDFWDEOH IRUPVRI WKH IRUP IDFWRU3T WKH VWUXFWXUH IDFWRU6T WKH WRWDO FRUUHODWLRQ IXQFWLRQ
KTDQGFTȡ LL:HXVHWKHQXPHULFDOO\GHWHUPLQHGLQWUDPROHFXODUFRUUHODWLRQIXQFWLRQRI
WKHPXOWLVWUDQGHGILEULOV6WRJHWKHUZLWKWKH/DULD:X&KDQGOHUFORVXUH6LQRUGHUWRVWXG\ORFDO
RUGHU RQ VPDOO OHQJWK VFDOHV DFFHVVLEOH E\ 6$16 %RWK DSSURDFKHV SURYLGH LPSRUWDQW
LQIRUPDWLRQEHFDXVHSUHVHQWO\DYDLODEOHWKHRUHWLFDOWRROVDQGFRPSXWHUVLPXODWLRQVDUHIDUIURP
EHLQJ DEOH WR FDSWXUH ERWK LQWUDPROHFXODU DQG LQWHUPROHFXODU FRUUHODWLRQ IXQFWLRQV RI ȕ
ODFWRJOREXOLQDP\ORLGILEULOVIRUYDULRXVFRQFHQWUDWLRQVDQGLRQLFVWUHQJWKV
,I WKHSUHIHUUHGRULHQWDWLRQRIȕODFWRJOREXOLQDP\ORLG ILEULOVRI OHQJWK/ LV WKH]GLUHFWLRQZH
FRQVLGHUWKHIROORZLQJIRUPIDFWRU6
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ZKHUH WKH VXEVFULSWA UHIHUV WR WKHSODQHRUWKRJRQDO WR WKH ]D[LV DQG6 LV WKHXVXDO QHPDWLF
RUGHUSDUDPHWHU LQGLOXWH LVRWURSLFSKDVH6 +HUHZHKDYHDGRSWHGVSKHULFDOFRRUGLQDWHV
IRUWKHVFDWWHULQJYHFWRUZLWK_T_ T T]TA7KHWRWDOFRUUHODWLRQIXQFWLRQKTLVUHODWHGWR
WKHIRUPIDFWRU3TE\6
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7KHQHPDWLFRUGHUGHSHQGHQW VWUXFWXUH IDFWRU LV REWDLQHGE\ WKHXVXDO35,60 IRUPDOLVP IURP
WKH DERYH VXSSOHPHQWDU\ HT  DQG HT  DV GLVFXVVHG LQ WKH PDLQ PDQXVFULSW DQG PRUH
H[WHQVLYHO\LQUHIHUHQFHV66
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+HUHWKHHOHFWULFGRXEOHOD\HUVDURXQGWKHILEULOVDUHWDNHQLQWRDFFRXQWLQWHUPVRIWKHHIIHFWLYH
GLDPHWHU
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:KHUHțLVWKHLQYHUVH'HE\HVFUHHQLQJOHQJWKıLVWKHOLQHDUFKDUJHGHQVLW\RIWKHILEULOVO%LV
WKH %MHUUXP OHQJWK G LV WKH GLDPHWHU RI WKH ILEULOV DQG& §  LV (XOHU¶V FRQVWDQW 7KH
HIIHFWLYHGLDPHWHURIȕODFWRJOREXOLQDP\ORLGILEULOVDWYDULRXVLRQLFVWUHQJWKVDQGS+YDOXHVKDV
EHHQ GLVFXVVHG LQ GHWDLO LQ 5HI 6 7KHUPRG\QDPLF SURSHUWLHV FDQ EH FDOFXODWHG IURP WKH
FRPSUHVVLELOLW\ UHODWLRQ OHDGLQJ WR WKH IROORZLQJ H[FHVV SDUW RI WKH IUHH HQHUJ\ SHU LQWHUDFWLRQ
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+HUHHDFKILEULOLVFRQVLGHUHGWREHFRPSRVHGRI/GWDQJHQWLQWHUDFWLRQVLWHVRIGLDPHWHUG7KH
H[FHVVSDUWRIWKHIUHHHQHUJ\LVGXHWRLQWHUDFWLRQVEHWZHHQILEULOVZKLOHWKHORVVRIIUHHHQHUJ\
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ZKHUHOSLVWKHSHUVLVWHQFHOHQJWKRIWKHILEULOV$VPDOOQHPDWLFRUGHUSDUDPHWHUH[SDQVLRQ
IH[FIRUL II626\LHOGV
¸
¸
¹
·
¨
¨
©
§
 





US HII
S
%
G/G
O
G7NI 

7KHLVRWURSLFSKDVHEHFRPHVOLQHDUO\XQVWDEOHWRRULHQWDWLRQDOIOXFWXDWLRQVZKHQIFKDQJHVVLJQ
DWWKHYROXPHIUDFWLRQ
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ZKHUH9S ʌG/8VLQJWKHSUHYLRXVO\GHWHUPLQHGPRGHOSDUDPHWHUVOS QPG QP
DQGGHII QPOHDGVWRIF ZKLFKFRUUHVSRQGVWRWKHFRQFHQWUDWLRQZWEHFDXVH
WKH ILEULO GHQVLW\ LV  JFP6 7KLV FRQFHQWUDWLRQ LV FRPSDUDEOH WR WKH H[SHULPHQWDOO\
GHWHUPLQHGFRQFHQWUDWLRQDW WKH LVRWURSLF WRQHPDWLFSKDVH WUDQVLWLRQVHH)LJXUH LQ WKHPDLQ
PDQXVFULSWDQGLQUHIHUHQFH6
)LJXUH $ LQ WKHPDLQPDQXVFULSW6/6 LQWHQVLWLHV RI ȕODFWRJOREXOLQ DP\ORLG ILEULOV
ZLWKRXW DGGHG VDOW V\PEROV WRJHWKHUZLWK WKH 35,60 FDOFXODWHG UDGLDOO\ DYHUDJHG VFDWWHULQJ
LQWHQVLWLHVOLQHVLQFOXVLYHRIWKHWUHDWPHQWRIRULHQWDWLRQDQLVRWURSLFRUGHULQWKHQHPDWLFSKDVH
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7ZRGLPHQVLRQDO6$16LQWHQVLWLHV
1RZ ZH WXUQ RXU DWWHQWLRQ WR WKH 6$16 GDWD 7KH WZRGLPHQVLRQDO VFDWWHUHG LQWHQVLWLHV DUH
VKRZQLQ)LJXUHV6$&IRUZWZWDQGZWȕODFWRJOREXOLQDP\ORLGILEULO
VXVSHQVLRQV ZLWKRXW DGGHG VDOW 7KH VFDWWHULQJ SDWWHUQ LV QHDUO\ LVRWURSLF IRU WKH  ZW 
VDPSOHZKLOHLWLVDQLVRWURSLFIRUWKHZWVDPSOHGXHWRRULHQWDWLRQDORUGHULQJRIWKHILEULOVLQ
WKH QHPDWLF SKDVH ,Q WKH FDVH RI WKH KLJKO\ FRQFHQWUDWHG  ZW  VDPSOH WKH VFDWWHULQJ
LQWHQVLW\ GLVWULEXWLRQ LV UDWKHU LVRWURSLF H[FHSW RI WZR SHDNV DW VPDOO VFDWWHULQJ YHFWRUV $V
PHQWLRQHGEHIRUHDWWKLVKLJKFRQFHQWUDWLRQWKHV\VWHPLVLQWKHJHOSKDVHWKHLVRWURSLFQDWXUH
RIWKHJHOLVSRVVLEO\WKHUHDVRQEHKLQGWKHGHFUHDVHGDQLVRWURSLFVFDWWHULQJ
,QRUGHUWRREWDLQPRUHLQIRUPDWLRQRQWKHGHJUHHRIDQLVRWURS\RIWKHVFDWWHULQJLQWHQVLW\RIWKH
ZWVDPSOHLQWKHQHPDWLFSKDVHZHKDYHSORWWHGLQ)LJXUH6'WKHVFDWWHULQJLQWHQVLW\,T]
TAȡDORQJWKHGLUHFWLRQVT] UHGVTXDUHVDQGTA EOXHFLUFOHV7KHGLIIHUHQFHEHWZHHQ
,T]  ȡ DQG , TA ȡ LV UDWKHU VPDOO DV FRPSDUHG WR WKH SURQRXQFHG GLIIHUHQFHV IRXQG LQ
FRPSXWHUVLPXODWLRQVRIVKRUWULJLGVSKHURF\OLQGHUV6
,QYLHZRIWKHUDWKHUVPDOOGHJUHHRIDQLVRWURS\RIWKH6$16GDWD)LJXUH6$GLVSOD\VUDGLDOO\
DYHUDJHG VFDWWHULQJ LQWHQVLWLHV RI ȕODFWRJOREXOLQ DP\ORLG ILEULOV V\PEROV WRJHWKHU ZLWK
FDOFXODWHG VFDWWHULQJ LQWHQVLWLHV OLQHV IRU ILYH ILEULO FRQFHQWUDWLRQV +HUH ZH KDYH XVHG WKH
LQWHUDFWLRQSRWHQWLDO8UVKRZQE\WKHVROLGOLQHLQ)LJXUH6%WRJHWKHUZLWKWKHQXPHULFDOO\
GHWHUPLQHGLQWUDPROHFXODUFRUUHODWLRQIXQFWLRQRIPXOWLVWUDQGHGWZLVWHGULEERQILEULOV6DVLQSXW
LQWRWKH/DULD:X&KDQGOHUFORVXUHUHODWLRQ6

KUȡ OQ>KUȡ@3U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U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
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ZKHUHWKHVWDUڅGHQRWHVDFRQYROXWLRQSURGXFW
)LJXUH 6 $ & 7ZRGLPHQVLRQDO VPDOODQJOH QHXWURQ VFDWWHULQJ LQWHQVLW\ IURP Bȕ
ODFWRJOREXOLQDP\ORLG ILEULOVZLWKRXWDGGHGVDOW)URPSDQHO$ WR& WKHFRQFHQWUDWLRQVRI WKH
VDPSOHVDUHZWZWDQGZW'6FDWWHULQJLQWHQVLW\DORQJWKHGLUHFWLRQRIWKH
RXWHUSHDNVRI WKHZWILEULOVXVSHQVLRQUHGVTXDUHV WRJHWKHUZLWKWKHVFDWWHULQJLQWHQVLW\
DORQJWKHRUWKRJRQDOGLUHFWLRQEOXHFLUFOHVSORWWHGDVDIXQFWLRQWKHUDGLDOGLUHFWLRQIURPWKH
FHQWHURIWKHILJXUHLQSDQHO&

7KHUHDIWHUWKHGLUHFWDQGWRWDOFRUUHODWLRQIXQFWLRQVKDYHEHHQFDOFXODWHGQXPHULFDOO\E\VROYLQJ
WKHJHQHUDOL]HG2UQVWHLQ=HUQLNHHTXDWLRQWRJHWKHUZLWKWKH/DULD:X&KDQGOHUFORVXUHUHODWLRQ
)URP )LJXUH 6 $ RQH PD\ FRQFOXGH WKDW WKH GHQVLW\LQGHSHQGHQW LQWHUDFWLRQ SRWHQWLDO8U
WRJHWKHUZLWK WKH LQWHJUDO HTXDWLRQ WKHRU\ \LHOGV VKDSHV RI WKH VFDWWHULQJ LQWHQVLWLHVZKLFK DUH
VLPLODU WR WKH H[SHULPHQWDO GDWD IRU ILEULO FRQFHQWUDWLRQV XS WR DERXW ZW7KLV LQWHUDFWLRQ
SRWHQWLDOKDVWREHFRQVLGHUHGDVDQHIIHFWLYHLQWHUDFWLRQSRWHQWLDOWDNLQJLQWRDFFRXQWERWKVWHULF
DQG&RXORPELQWHUDFWLRQVDVZHOODVPDQ\ERG\HIIHFWV)RUWKHZWVDPSOHWKHFDOFXODWHG
VFDWWHULQJ LQWHQVLWLHV RQ WKH RQH KDQG DQG WKH H[SHULPHQWDO GDWD RQ WKH RWKHU KDQG GHYLDWH
LQGLFDWLQJDFKDQJHRIORFDORUGHU7KHSURQRXQFHGH[FHVVVFDWWHULQJDWVPDOOVFDWWHULQJYHFWRUV
FDQEHGXH WRFRUUHODWLRQVDVVRFLDWHGZLWKDQHWZRUNVWUXFWXUH0RUHRYHU WKHSHDNDWT§
QPíUHIOHFWVVPDOOUDQJHRUGHUZLWKDFKDUDFWHULVWLFUHDOVSDFHGLVWDQFHRIʌT§QPWKDWLV
FRPSDUDEOH ZLWK WKH GLDPHWHU RI WKH ILEULOV )XWXUH WKHRUHWLFDO ZRUNPD\ IRFXV RQ D GHWDLOHG
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